In this paper, the MacWilliams theorem is stated for codes over finite field with four-dimensional modulo metrics.
Introduction
The MacWilliams theorem is one of the most important theorems in coding theory. It is well known that two of the most famous results in block code theory are MacWilliams Identity Theorem end Equivalence Theorem [1, 2] . Given the weight enumerator of an code, the MacWilliams theorem ensure one to obtain the weight enumerator of the dual code . The MacWilliams theorem very useful since weight distribution of high rate codes can be obtained from low rate codes. A well known version of the MacWilliams theorem for codes with respect to Hamming weight was presented in [3] . The more general version of this theorem are less often used in practical applications. The impact of this theorem for practical as well as theoretical purposes is well known, see for instance [3, Chs. 11.3, 6.5, and 19.2] . In [4] , the MacWilliam theorem proved for codes over finite fields with two-dimensional modulo metric.
In this study, we utilize the MacWilliam theorem for complete weight enumerators to obtain the MacWilliams theorem for codes over quaternion integers (QI). The Hamilton quaternion algebra is defined as follows.
Definition 1 Let R be the field of real numbers. The Hamilton Quaternion Algebra over R denoted by H[R] is the associative unital algebra given by the following representation:
ii)1 is the multiplicative unit;
If q = a 0 + a 1 i + a 2 j + a 3 k is a quaternion integer, its conjugate quaternion is q = a 0 − (a 1 i + a 2 j + a 3 k). The norm of q is N (q) = q.q = a 
2 elements [6] . More information which is related with the arithmetic properties of H[Z] can be found in [5, pp. 57-71] . The quaternion Mannheim metric also called Lipschitz metric was defined in [6, 7] . Let α−β ≡ δ = a 0 +a 2 i+a 2 j +a 3 k ( mod π). Then the weight of δ which is denoted by w QM (δ) is equal |a 0 | + |a 2 | + |a 2 | + |a 3 |. The distance between α and β was defined as d QM (α, β) = w QM (δ). Now we recall some notation and definitions on characters and weight enumerators needed in this paper. Let γ be an element of the Galois field GF (p m ). Using the primitive element α, γ can be represented as γ = m−1 t=0 g t α t with g t from GF (p). The character χ 1 (γ) is defined using the primitive complex p − th root ξ:
where ξ = exp(2π √ −1 p), π = 3, 14... The complete weight enumerator classifies the codewords of a linear code according to the number of times each field element ω t appears in the codeword. The composition of a vector u = u 0 , u 1 , · · · , u n−1 denoted by comp(u) is given by s = s 0 , s 1 , · · · , s q−1 , where s t is the number of components u t equal to ω t . Note that there exist a group homomorphism between GF (p 2 ) and H[Z] π using a rational mapping. For example, assume that p = 3 then
We obtain a group homomorphism mapping 0 to 0, 1 to 1, α to i, 2α to −i, 2 + 2α to j, 1 + α to −j, 2α + 1 to k, α + 2 to −k.
Definition 2 The composition of
is the number of components u t equal to ω t . Thus it is obtain
where z t are indeterminates and the sum extends over all compositions.
The MacWilliams theorem for complete weight enumerators [3, pp.143-144, Thm 10] then states:
The complete weight enumerator of the dual code C ⊥ can be obtained from the complete weight enumerator of the code C by replacing each z t by q−1 s=0 χ 1 (ω t ω s )z s and dividing the result by the cardinality of C which is denoted by |C|.
The MacWilliams Theorem for codes over Quaternion Integers
Let GF (q) be a finite field with q = p m . The field GF (q) is partitioned as follows:
We set ω 0 = 0. G 1 contains (q − 1)/8 elements ω t , t = 1, 2, ..., (q − 1)/8 in a fixed way such that for t = 1, 2, ..., (q − 1)/8 we have
.
The quaternion Mannheim weight of a vector u over GF (p) is defined as quaternionic(u) = g 0 , g 1 , · · · , g (q−1)/8 . Note that the quaternion integer enumerator does not distinguish between the eight elements ∓ω, ∓iω, ∓jω, ∓kω. The complete weight enumerator of the dual code C ⊥ from the complete weight enumerator of the code C over H[Z] π obtained as follows:
Theorem 2 The quaternion integer (QI) weight enumerator of the dual code C ⊥ can be obtained from QI weight enumerator of C by replacing z 1 by
and using the same argument, shifting the coefficients of
The proof is immediately obtained from MacWilliams theorem for complete weight enumerators above. 
Conclusion
In this paper, we proved the MacWilliams for four-dimensional modulo metrics. In fact, the quaternion Mannheim metric can be seen as a four-dimensional generalization of the Lee metric. Also the quaternion Mannheim metric can be seen as a four-dimensional generalization of the Mannheim metric. In other words, if four-dimensional space is restricted to two-dimensional space then results in [4] are obtained.
